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Abstract 

Generalizing a result of Miyaoka, we prove that the semistability of a vec- 
tor bundle £ona smooth projective curve over a field of characteristic zero is 
equivalent to the nefness of any of certain divisorial classes S , X s in the Grass- 
mannians Gr s (E) of locally-free quotients of E and in the projective bundles 
PQ S , respectively (here < s < rkE and Q s is the universal quotient bundle on 
Gr s (E)). The result is extended to Higgs bundles. In that case a necessary and 
sufficient condition for semistability is that all classes A s are nef. We also extend 
this result to higher-dimensional complex projective varieties by showing that 
the nefness of the classes X s is equivalent to the semistability of the bundle E to- 
gether with the vanishing of the characteristic class A(i£) = 02(E) — ^^-c\(E) 2 . 
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I. Introduction 

Let E be a vector bundle on a smooth projective curve C over a field of characteristic 0. 
According to Miyaoka [7], the semistability of E is equivalent to the fact that a suitable 
divisor A in the projective bundle FE is numerically effective (nef) [7]. The numerical class 
A is defined as 

A= [c 1 (O rE (l))]--(degE)F 
r 

where r = rkE and F is class of the fibre of the projection FE — > C. 

A mild generalization of Miyaoka's criterion is the following. We consider the Grassman- 
nians Gr s (E) of rank s locally-free quotients of E and the projectivized universal quotient 
bundles FQ S on them. Moreover we introduce the classes 

6 a = c 1 (Q s )-^deg(E)F a 

in Gr s (E) and 

X s = Ci (O PQs (1)) - fi(E) F s 
in FQ S (in both cases F s denotes the class of the fibre of the projection onto C). We prove: 

Theorem 1.1. If E is semistable, all classes 6 S and \ s are nef. Conversely, if one of these 
classes is nef (for just one value of s), E is semistable. 

The interest in this result is that it suggests a generalization of Miyaoka's criterion to 
the case of Higgs bundles (E, 0) on a smooth projective curve C. (Throughout this paper 
we shall use the notation (£ for a Higgs bundle (E,<f)).) We introduce schemes (2>t s ((£) 
parametrizing locally- free rank s Higgs quotients of (£ (i.e., locally- free quotients of E 
whose kernels are 0-invariant), and the universal quotient Higgs bundles Q. s = (Q s , $ s ) on 
them. We define classes 6 S ^ in C5r s (€) and A Si g in FQ S as in the previous case. 

Theorem 1.2. If (£ is semistable, all classes 9 s £ and A Sj g are nef. Conversely, if all 
classes A Sj g are nef, then € is semistable. 

It is indeed not enough that one of the classes A Sj£ is nef to ensure the semistability of 
(£, as we show in Section 3. 

In Example 3.9 we apply this criterion to the Higgs bundle whose semistability implies 
the Miyaoka inequality for the Chern classes of a projective surface with ample canonical 
bundle. 
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The last generalization we give is about Higgs bundles on a complex projective manifold 
X of any dimension. (We need to restrict to the complex case as we use transcendental 
techniques.) In this case we define the classes 

\s,<s = c l {0 VQs {l))- l -<c l {E) 

where n s : (3t s ((£) — > X is the projection. Let A(E) be the characteristic class 

A(E) = c 2 (E) - r -^ Cl (E) 2 = ^c 2 (E ® E*) . 
Zr Zr 

We prove the following result. 

Theorem 1.3. Let <S be a Higgs bundle on a complex projective manifold. The following 
conditions are equivalent. 

i) All classes are nef, for < s < r. 

ii) (E is semistable and A(E) = 0. 

Note that the classes A Si g do not depend on the choice of a polarization in X, so when they 
are all nef the Higgs bundle <£ is semistable with respect to all polarizations. Conversely, 
if <£ is semistable with respect to a given polarization, and A(E) = 0, then € is semistable 
with respect to all polarizations. Our results also imply that if all classes A Sj g are nef, then 
(£ is semistable after restriction to any smooth projective curve in X. 

Theorem 1.3 applies also to ordinary bundles in the following form: 

Theorem 1.4. Let E be a vector bundle on a complex projective manifold. The following 
conditions are equivalent. 

i) The class X 1 is nef. 

ii) E is semistable and A(E) = 0. 

This result was already contained in [1] as a special case and is proved by repeating 
verbatim the proof of Theorem 1.3 (see Section 4). 

Acknowledgments. We thank M.S. Narasimhan for useful discussions and the referee 
for helping us to improve the presentation. This paper was partly written while the first 
author was visiting the Tata Institute for Fundamental Research in Mumbai, to which 
thanks are due for hospitality and support. 
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2. Semistability vs. nefness for vector bundles 



All varieties we shall consider will be over an algebraically closed field of characteristic 
0. Let X be a smooth projective variety, E a holomorphic vector bundle on it, and denote 
by FE the projectivization of E, defined as 



where S(E) is the symmetric algebra of the sheaf of sections of E. We recall that a bundle 
E is said to be ample if the hyperplane line bundle Ope(1) on FE is ample [4, 5]. A weaker 
notion is that of numerical effectiveness: a bundle E is said to be numerically effective 
(nef) if the class ci(C?p,e(1)) is numerically effective. If both E and E* are numerically 
effective, then E is said to be numerically flat. The following result has been proved in [2] . 

Proposition 2.1. All Chern classes of a numerically flat bundle vanish. □ 

We recall that given a smooth projective variety X with a choice of a polarization H, a 
torsion-free coherent sheaf £ on X is said to be semistable (in Mumford-Takemoto's sense) 
if for every proper coherent subsheaf T of £ one has 



if n — dimX. If the inequality always holds strictly, the bundle E is said to be stable. 

Following Miyaoka [7], we introduce some notation and state the theorem relating the 
semistability of a vector bundle to the nefness of a suitable divisorial class. 

Definition 2.2. For every smooth projective variety X, one denotes: 

(i) N\X) = Plc(X) R; 

num. eq. 

(ii) NA(X) C X 1 (X) the ample cone of X (the cone generated by the classes of ample 



P£ = Proj(S(£)), 



n{F)<n{£), 



where the slope //(£) of a torsion-free coherent sheaf is defined as 



^ e) = ~fc£' deg£ = Cl (£)-H 




divisors), and NA(X) its closure (the set of classes of nef divisors of X); 



(iii) 



(iv) 



num. eq. 

NE(X) C Ni(X) the real cone generated by the effective 1- cycles. 
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Theorem 2.3. ([7], Theorem 3.1.) Let n: E — > C be a rank r vector bundle on a smooth 
projective curve C , and define the class in N X {FE) 

\ = [ Ci {Owe{1)]-ii{E)F 

where F is the class in ^(FE) of the fibre of the projection FE — > C . Then the following 
conditions are equivalent: 

(i) E is semistable; 

(ii) A is nef; 

(iii) WA(¥E) = R + A + R+ F; 

(iv) WE(FE) = R + y- 1 + R + \ r ~ 2 • F; 

(v) every effective divisor in FE is nef. □ 

(Here R + is the set of nonnegative real numbers.) The class rA is the relative anti-canonical 
class of FE — > C, and one has A r = 0. 

Proof. For the readers' convenience, and following [7], we include a sketch of a proof of 
this theorem. 

(i) (ii). If A is not nef there is an irreducible curve C C FE such that [C'\ • A < 0. 
After a suitable base change / : C" — > C we may assume that C is a union of sections 
Cj of the bundle F(f*E), and [Cj] ■ A' < for all j, where A' is the class A for the 
bundle tt": F(f*E) -> C". There are surjections /*E -> <'<9c,-(l), and deg(C Cj (l)) = 
[Cj] • A' + fi(f*E) < n(f*E). But this contradicts the semistability of E (note that since 
the morphism / is separable and finite, the bundle E is semistable if and only if f*E is, 
cf. [7, Prop. 3.2] and our Lemma 3.3). 

(ii) (iv). If T is a class in NE(FE), one has T = a\ r ~ l + bY' 2 ■ F with a > 0. Since 
A is nef, one has b = T ■ A > 0. 

(iii) and (iv) are easily shown to be equivalent. 

(iii) and (iv) =^ (v). Let D = a\ + bF be an effective divisor class. All 1-cycles 
D • (A + eF) r ~ 2 lie in NE(FE) for every positive real number e, and so do their limits 
D ■ y- 2 . Then a, b > by (iv) and D is nef by (iii). 

(v) ^> (i). Let F be a destabilizing subbundle of E and let a G Q be such that n(F) > 
a > fi{E). For N big enough the space 

H°{Sjm N F{-Nap)) C H°(C, Sym N E{-Nap)) 

~ /J°(PE, P£ (Ar) ® 7r*Cc-(-A^ap)) 
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(where p is a point in C) is nonempty; therefore, the class N(X + (fJ>(E) —a)F)) is effective 



We describe now the first generalization of this result. Given a vector bundle E on an 
algebraic variety X, we shall denote by Gr s (E) the Grassmann variety of rank s locally-free 
quotients of E, with < s < r = rkE. We have a morphism p s : Gr s (E) — > X that makes 
Gr s (E) a bundle of Grassmannians. On every variety Gr s (E) a universal quotient bundle 
Q s is defined, in a such a way that for any morphism / : Y — > X and any rank s locally-free 
quotient F of f*E, there is a morphism tpp- Y — > Gr s (F) over X (that is, f = p s ° i/>f) 
such that F = ip* F Q s . 



where F s is the class of the fibre of the projection ir s : Gi s (E) — > X. 

Theorem 2.4. If E is a semistable vector bundle on a smooth projective curve C , the class 
6 S is nef for every s,0<s<r = rkE. 

Proof. This result can be proved according to the lines of the proof of the implication (i) 
=^> (ii) in Theorem 2.3. Alternatively, one can use the Pliicker embedding w. Gi s (E) — > 
F(A S E) to reduce to the case of a projective bundle, as we now show. The morphism w 
embeds into a commutative diagram 



but not nef. 



□ 



Let 9 S be the class in N 1 



(Gt s (E)) 

e 9 = [c 1 (Q 8 )]--deg(E)F l 



PQ. 



s 



^ F(A S E) 




Gr s (E) 



C 



and one has an isomorphism 



(1) 



w*O f{A s E) (1) ~ detQ. 



The induced morphisms 



zu*: X 1 (P(A S F)) 



N\Gr s {E)), 



zu,: Aq(Gr s (£)) ^ X 1 (P(A S F)) 




SEMISTABILITY VS. NEFNESS 



7 



is nef. By restricting to the image of the Pliicker embedding one obtains that 9 S is nef. □ 

The converse to Theorem 2.4 is as follows. 

Theorem 2.5. If for some s (with < s < r = ikE) the class 9 S is nef, then E is 
semistable. 

Proof. If 9 S e N 1 (Gr s (E)) is nef, the class X\s E = (ro*) _1 (^ s ) is nef as well, since for any 
curve T C F{A S E) one has X A * E ■ [T] = B s ■ [T] with w(F) = F n w(Gr s (E)). By Miyaoka's 
result the bundle A S E is semistable. It is then an easy task to prove that E is semistable 
as well. □ 

Remark 2.6. These constructions provide an alternative algebraic proof of the fact that, 
given a semistable bundle E on a smooth projective variety X, its exterior powers A S E 
are semistable as well. By the Metha-Ramanathan theorem (cf. e.g. [7]), it is enough to 
consider the case when X is a curve. Then by the proof of Theorem 2.4 which follows 
[7] we know that the classes 9 S are nef, so that the classes Xa°e are nef, whence A S E is 
semistable. □ 

We consider now another construction. Again, E is a rank r vector bundle on a smooth 
projective curve C, Gr s (E) is the Grassmannian bundle of its rank s quotients, and Q s the 
universal quotient bundle on Gr s (E). We define the class in iV^PQs) 



where F s is the class of the fibre of the composition FQ S — > Gr s (E) — > C. 

Theorem 2.7. If E is semistable, the class \ s is nef for every s,0<s<r = rkE. □ 

To prove this result we need a Lemma. 

Lemma 2.8. Let G be a semistable vector bundle on a smooth projective curve C , and let 
C be an irreducible curve in PC. Denote by £ the class of Owg(X) ^ n ^(FG). Then, 



X. = [c l (O rQ .{l))\ - F, 



[C>] 



i>n{G)p*[C'] 



where p : FG — > C is the projection. 



Proof. By Theorem 2.3 we have 



[C'\ 



aX 



r-l 



+ bX 



r-2 



■F 
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(here A = [ci(C PG (l)) - v(G)F)] and r = rkG) with a, b > 0, so that 

[C'\ ■ £ = (aX 7 - 1 + b\ r ~ 2 F){\ + fi(G)F) = an(G) + b > afi(G). 
Moreover, one has a = [C'\ . 



□ 



Proof of Theorem 2. 7. If for some s the class \ s is not nef there is an irreducible curve 
C C FQ S which surjects onto C and is such that C ■ \ s < 0. Let h: C" — > C be a finite 
morphism and consider the commutative diagram whose squares are cartesian 



Gr s (h*E) 

P's 

C" 



h" 



Gr s (E) 

Ps 

C 



We may choose the pair (C", h) in such a way that the fibre product C = C" x c C (a 
curve in WQ' S ) is a union of curves Cj which project onto C" with degree one (and meet 
the fibre F' s at just one point). One has [Cj] ■ X' s < 0. Let Tj be the projection of Cj onto 
Gr s (h*E), denote by Qj the restriction of Q' s to it, and let Ej = (h'* op*E)\T y We have 
an epimorphism Ej — > Qj — > 0. The composition h o p' s restricted to Tj (call it hj) is a 
finite morphism (actually, an isomorphism), so that Ej is semistable. Now with the help 
of Lemma 2.8 we have: 

[Cj] ■ 



[Cj] ■ C 



KACj] 

= [Cj] ■ (K + ^(h*E) F' s ) < pt(Ej) 
but this contradicts the semistability of Ej. 



□ 



Corollary 2.9. If E is a semistable bundle of positive (resp. nonnegative) degree on a 
smooth projective curve C , then all universal quotient bundles Q s are ample (resp. numer- 
ically effective). 



Proof. This result may be proved by mimicking Gieseker's proof for s — 1, cf. [3]. 



□ 



Theorem 2.10. If for some s (with < s < r = ikE) the class \ s is nef, then E is 
semistable. 
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Proof. By direct computation one sees that 7r s *(\ s ) s = 9 S . So, if V is a curve in Gr s (E), one 
has [r] -9 S = (\ s ) s -7r*[r] > (since X s is nef) so that 9 S is nef, whence E is semistable. □ 

3. SEMISTABILITY VS. NEFNESS FOR HlGGS BUNDLES 

We want to investigate if the semistability of a Higgs bundle can be encoded in the 
nefness of some suitable classes. In particular, we prove Theorem 1.2. 

3.1. Grassmannians of Higgs quotients. We recall the basic definitions about Higgs 
bundles (cf. [9], [10]). 

Definition 3.1. Let X be a projective variety. A Higgs sheaf (B on X is a coherent sheaf 
E on X endowed with a morphism <fi: E — > E ® fix of Ox -modules such that <p A = ; 
where fix is the cotangent sheaf to X . A Higgs sub sheaf F of a Higgs sheaf (£ = (E, 0) is 
a subsheaf of E such that <f>(F) C F <g> Qx- A Higgs bundle is a Higgs sheaf l£ such that E 
is a locally-free Ox -module. 

Definition 3.2. Let X be a smooth projective variety equipped with a polarization. A Higgs 
sheaf t = (E,(f>) is semistable (resp. stable) if it is torsion- free, and n(F) < [J,(E) (resp. 
[x(F) < fJ,(E) ) for every proper nontrivial Higgs subsheaf F of (£. 

In the sequel we shall need the following Lemma. It generalizes a well-known fact about 
semistable vector bundles that we have already used in this paper [3, 7]. 

Lemma 3.3. Let f : Y — > X be a finite separable morphism of smooth projective curves, 
(S a Higgs bundle on X and /*<£ the pullback Higgs bundle on Y . Then <£ is semistable if 
and only if /*<£ is semistable. 

Proof. The "if" part is straightforward. To prove that /*<£ is semistable on Y when <£ 
is semistable on X we can assume that / is a Galois covering. Let — > F — > f*E be 
a maximal destabilizing Higgs subbundle. For every element a in the Galois group of /, 
a*F is also a maximal destabilizing Higgs subbundle of a*E = E so that a*F = F by the 
uniqueness of F. It follows that F = f*E' for a certain subbundle E. Since 

E' destabilizes E, we have only to prove that it is a Higgs subbundle of <£, i.e., that the 

4 > \E I 

composed morphism E' >■ E ® Q x {E/E') <g> Vl x vanishes. Since / is faithfully flat, 
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we may as well prove that the induced morphism F 
vanishes. But this follows from the diagram 





f*E®f*n x ^(f*E/F)®f*n x 




f*E ® f*n x — - (f*E/F) ® f*n x 



>■ F <g> tt Y 



f*E <g> Q Y 



(f*E/F) ® Q Y 



since 4> Y : F — >■ /*F ® f2y takes values in F <8> Q Y ■ 



□ 



Given a Higgs sheaf <£, we may construct the closed subschemes <5t s (<£) C Gr s (F) 
parametrizing the rank s locally-free Higgs quotients, i.e. locally-free quotients of E such 
that the corresponding kernels are 0-invariant. This can be done as follows: let us consider 
the universal exact sequence 



(2) 







dr-s -> P S E -> Q s 







of sheaves on the Grassmannian Gr s (E) that defines the universal quotient bundle Q s 
Then <5t s (£) is the closed subvariety of Gr s (F) where the composed morphism 



(77<g)l)op:(0)oV>: 5 r 



vanishes (the equations for (5t s ((E) inside Gr<,(F) are written in subsection 3.2 for the 
special case s = 1)). We denote by 7r S)£ the projections <5x s (<£) — > X. The restriction of 
(2) to the scheme <5t s (<£) gives a new universal exact sequence 



^ S r 



and Q s ,£ is a rank s universal Higgs quotient vector bundle. This means that for every 
morphism /: Y — > X and every rank s Higgs quotient F of f*E there is a morphism 
ipp'- y - ► ^t s ((S) such that / = ix s ^ o ip F and F = ippQ s ,<B- Note that the kernel S r - S of 
the morphism (tt s ^)*E — > Q Si i£ is 0-invariant. 

For every s we define the classes 



as in the previous Section. We have: 
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Theorem 3.4. If £ is a semistable Higgs bundle on a smooth projective curve C , all classes 
6 St £ and A S; g are nef. 

Proof. A possible proof of the nefness of 6 S ^ runs as in the proof of Theorem 2.4 which 
follows [7]. Analogously, the proof of the nefness of A S) g runs as in the proof of Theorem 
2.7. □ 

Remark 3.5. The proof of Theorem 2.7 adapted to the case of Higgs bundles shows that if 
A S) £ is not nef, after a base change <£ is destabilized by a rank s locally free quotient. 

Corollary 3.6. If <£ is a semistable Higgs bundle on a smooth projective curve C of pos- 
itive (resp. nonnegative) degree, then for all s the universal quotient bundle Q s is ample 
(resp. numerically effective). 

Proof. One again adapts the proof by Gieseker in [3], this time using Lemma 3.3. □ 

3.2. Equations of the scheme of rank-one Higgs quotients. For some time we con- 
centrate on the scheme <8ti((£) of rank one Higgs quotients of a rank r Higgs vector bundle 
<£ on a n-dimensional smooth variety X. We have a closed immersion j : (5ti(<£) FE, and 
the universal Higgs quotient is Qi = £Wi(£)(i) = j*Ope(1). We denote by ~K\ : <8»ti(<£) — > 
X the projection. 

We denote by = ci(CVe(1)) the hyperplane class in FE and write £g = ci{0<& Xl (e)(1)) 
— 3*(€e)- We also define 



£<* - —ir*ciE 
r 



G A^(<3ti(<£)) 



One can write local equations for <5ti(<£) by using the Euler sequence 

-> JV)/X ® ^(1) 7T*E PE (1) -> , 

because this is the form that (2) takes in this case. We then know that (55ti((E) is the closed 
set where the composition of morphisms 

(77 <g> 1) O TT*(f) o tjj ■ Q F{E)/X <g> O fe (1) -> £> PB (i) <g> 7T*ft^ 

vanishes. Given a local basis of sections (ei,...,e r ) of E, which can be taken as local 
vertical homogeneous coordinates for FE, the Higgs field is represented by a matrix (<j> a p) 
of 1-forms by letting (j>(ep) = J2 a ( f ) af3 e a- The homogeneous equations for <3ti(<£) are 

(3) ^ e 7 (0 7/3 e a — (f) ia ep) = , for every 1 < a < (3 < r. 
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So <25ti((£) is locally the intersection of n(Q hyperquadrics in FE. Let us study this locus 
in the case when the Higgs bundle (E is nilpotent, i.e., there is a decomposition 

E = E 1 © • • • © E m 

as a direct sum of subbundles, and 0(£';) C © fi x for 1 < i < m, 4>(E m ) = 0. 

The induced morphism © 1: E © fi^ — > -E yields a Higgs quotient sheaf = (Q,0) 
of (B, where Q = coker(0 © 1), and there is also a Higgs quotient bundle (E = (E/E m ,(f)), 
where is the Higgs field induced by 0. There are closed immersions 

0ti(0) = P(Q) (5ti((£) , (5ti(C) <8ti(<£) . 

The homogeneous equations for F(Q) are given locally by the images of a basis of 
(0 © © Q* x ), that is, by 

(4) ^ 4>a^p = for every e a G E h i < m. 



Proposition 3.7. The scheme of rank one Higgs quotients is the closed subscheme ofP(E) 
given by 

0ti(£) = 0ti(C) U 0ti(0) U Z . 
where Z C (5ti((£) fl 0ti(0) a union of embedded components. 

Proof. We can proceed locally. Let us write rij = dim^ © • • • © Ej) and take for every 
subbundle Ei a local basis {e 7 } of sections with rij_i < 7 < n^. If we consider the subset 
of the equations (3) where ep G E m and e a G -Ej for i < m, we get 

= e/3 • ^2 e 7^7" > 

rti<7<n i+ i 

for every pair (a, (3) as above. These equations describe the locus Y U Y', where 
Y' = {ep = I for every e p G £ m } = F{E/E m ) 
Y = { ^ e 7 7Q = I for every e a G Ei, i < m } = F(Q) , 

n,i<7<n i+ i 

where the last equality is due to (4). The remaining equations are 

= e Q • ( ^ e 7 7/3 ) - • ( ^ e 7 7Q ) 

«j<7<«j+i «i<7<"-i+l 

for e a E Ei, ep & Ej, i < j < m (and a < /3 if i = j) and define hyperquadrics containing 
Y. 
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If m = 2, the only possibility is % = j = 1 = m — 1 so that the e 7 's in the equations 
above belong to E m , thus proving that the corresponding hyperquadric contains also Y' . 
Moreover, = in this case, so that Y' = <3ti((E) and we conclude that 

6ti(€) = 0ti(£) U 0ti(0) = F(E/E 2 ) U P(Q) 

when m = 2. 

Assume now that m > 3. Since the points in Y = P(<5) satisfy the equations (3), we 
have that 

6ti(€) = (6ti(c) n f') u p(Q) 

Moreover, the equations for (5ti((E) H F' are the equations (3) for j < m — 1, which are 
easily shown to be the equations for (25ti(<£). Then <5ti((E) fl F' = <5ti((E) and <5ti(<£) = 
<25ti(<£) U P(<5) up to a union of embedded components. □ 

3.3. Equations in the case of curves. Let € be a nilpotent Higgs bundle on a smooth 
projective curve C and denote by <5ti(<£) the union of all components of <£>ti((£) not 
contained in a fibre of F(E) — > C. Similar meaning will have the expressions (5ti(0) or 
The symbol Ai )( * will denote the restriction of Ai ; <e to <25ti((E). 

Proposition 3.8. The class of <&Xi(<£) in the Chow ring ofF(E) is 

[&i(<£)] = [&i(0)]+j.[&i(£)] 

= f-rW _ [deg(0(£)) + r(0)(2 - 2^(C)) + deg(T(Q))]f ^W- 1 ■ F 

+ j*[£t 1 (€)] 

where r(0) = rk(0(F)) 7 j: F(E/E m ) P(E') £/ie natural immersion and T(Q) is the 
torsion subsheaf of Q . 

Proof. We start by computing the class of P(G) where 

is a quotient rank q bundle. One has 

[P(G)] = a f - ? + bC'"' 1 ■ F 

where £ is the relative hyperplane class of P(-E'), F is the class of a fibre of n and a, 6 
are integer numbers. Since 1 = • F G = £ <? ~ 1 ■ F ■ [P(G)] we obtain a = 1. Moreover 
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£ r = 7T*(ci(E)) ■ £ r ~ 1 = r/j,(E)F ■ £ r_1 = rfx(E) and similarly £q = qji{G), and we get 
b = qn(G) — rfx(E), that is 

pP(G)] = r q + (q»(G) - ME))r q - 1 ■ F 

5) 

= f - (deg(E) - deg(G))f ^- 1 • F = C'~ q ~ deg(7V)f _<?_1 • F . 

When G has torsion T(G), we actually have $5(0) = P(G/T(G)). Since G/T(G) is a 
quotient vector bundle, we can compute as above to get 

(6) = \P(G/T(G))] = f - (deg(iV) + deg(T(G)))f • F . 

This formula implies our claim. □ 

3.4. Unstable Higgs bundles (B such that A^g is nef. Let C be a rank three nilpotent 
Higgs bundle on a smooth projective curve C, having the form E = L\ © L 2 © L 3 where 
each Li is a line bundle and 4>(Li) CL 2 ® Qc, 0(^2) ^ -^3 © ^c, 0(^3) = 0. 

Let us write on = ci(Lj). If we impose that the Higgs subbundles L 3 and L 2 ©£3 do not 
destabilize (£ we obtain the inequalities 

(7) ai + a 2 — 2«3 > and 

(8) 2«i - a 2 - «s > 

One can prove that these inequalities are actually sufficient for (£ to be semistable. 

Now we study when the restrictions of A c to the components of <5ti(<£) are nef. There 
are two components, 

$5(6) = 05(g) U 05(0) 

with <5ti((E) ~ <5ti(0) ~ C. Here € is the Higgs bundle given by E/L 3 with the in- 
duced Higgs morphism. Let us write Ai and A 2 for the restrictions of Ai i( * to each of the 
components of (3ti((E). 

Since -E/L 3 ~ L x © L 2 , by the nilpotent rank two case we have 

[05(6)] = 2(e-a 2 F)-[P(L 1 ©L 2 )] 
= 2(£-a 2 F)(£-a 3 i 71 )) 
= 2(£ 2 - (a 2 + a 3 )£ • i 71 ) , 

so that 

12 

Ai = 2(£ 2 - (a 2 + a 3 )£ ■ F)(f - -( ai + a 2 + a 3 )F) = - (2«i - a 2 - a 3 ) . 
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On the other hand, since 

Q = L 1 ® (L 2 /(0 <g) l)(Li <g) © (L 3 /(0 ® 1)(L 2 ® Q* c )) 
by modeling the torsion out we obtain Q/T(Q) = L\ and 

[6^ (£2)] = pP(Lx)] = - (« 2 + a 3 )e • i 71 , 

by Eq (6). Then 

A 2 = (£ 2 - (« 2 + « 3 )C • - + «2 + a 3 )F) 
1 

= - (2ai - a 2 - a 3 ) . 

So Ai and A 2 are nef if and only if inequality (8) holds, and if that inequality holds, A^g is 
nef. 

Let C be a smooth projective curve of genus 2, and if = x + y a canonical divisor. Let 
us consider the line bundles 

L^OdK + x), L 2 = O c (x), L 3 = O c (3x) 

Since L 2 ®L'[ 1 ®Vlc = Oc, there exists a nonzero morphism <p 2 i '■ Li — > L 2 ®fic- Moreover, 
L 3 (g) 1 © = <9c (2x + if) so that there is also a nonzero morphism 32 : L 2 — > L 3 © ^c- 
We can then define a nilpotent Higgs field : E — > E © VL C on 

£ = Li © L 2 © L 3 

as being equal to 2 i on Li, to </> 32 on L 2 and zero on L 3 . Now, 

2ai — a 2 — a>3 = 2 , 

that is, the inequality (8) is true, so that A^g is nef. The restriction of the class A 1)£ to a 
component of ©ti((£) lying in a fibre of FE — * C coincides with the restriction of the class 
£e = [ci(Opb(1))], hence is nef, and the class A 1)£ itself is nef. However, 

cti + a 2 — 2a 3 = —2 , 

so that the inequality (7) does not hold, and (£ is not semistable. 

It is interesting to check in this example what happens with the class # 2i g in (5t 2 ((£). If 
we again remove the components embedded in fibres of FE — > C, we obtain a subscheme 
(J5t 2 ((£) ~ PL 3 ~ C, and the class 9 2 ,e (the restriction of # 2i g in to (J5t 2 ((£)) is 

#2>g = + «2 - 2a 3 ) < 0. 
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Then 2 >£ is not nef, so that 62, £ is not nef either, and the class A2.g is in turn not nef, for 
the argument contained in the proof of Theorem 2.10. 

3.5. Conclusion of the proof of Theorem 1.2. We need to show that if all classes 
A Sjl£ G Ar 1 (PQ Si e) are nef, then (£ is semistable. 

Let <£' = (£", 4>) be a rank s locally-free Higgs quotient of (£. Then there is a section 
a: C -> 0t s (<£) such that £" = a*Q s . Consider the curve C CT = a(C) C <25t s (<£), the 
restriction Ql = Q s \c a an d the class A s = A Sj g| P g CT . Since A Sj g is nef by hypothesis, the 
class A s is nef as well. On the other hand, we have 

A s = Apqj + (//(£') - fJ,(E))F° 

where F° is the class of the fibre of the projection ¥Q a s — > C a , and 

A P Q ? = [ Cl (a Q? (l))]-M^)^ 

(note that fi(Q°) = fi(E')). Since (A PQf ) s = and (Apq^- 1 • F° = 1, the condition 
(A s ) s > implies //(£") > n{E), so that is semistable. 

Example 3.9. Let X be a smooth projective surface over C with ample canonical class K. 
As an application of the criterion established in Theorem 1.2 we prove the semistability of 
the Higgs bundle F = Qx © Ox, with Higgs structure given by the morphism (cf. [8]) 

tt x ®O x -> (fix ® fix) © fix 
(w,/) ^ (0,w). 

The interest of this example is that since (F, 4>) is semistable it satisfies the Bogomolov 
inequality (which holds true also for semistable Higgs bundles, cf. [9]), which in this case 
yields the Miyaoka-Yau inequality 3c 2 (X) > ci(X) 2 . 

Since K is ample, X admits a Kahler-Einstein metric [11], hence the cotangent bundle 
fix is semistable with respect to the polarization K. Let C be a curve in the linear system 
\mK\ ) with m big enough for fi = fix|c to be semistable. Let E = F\ c = fi © Oc- It is 
sufficient to prove that the Higgs bundle <£ is semistable. 

By analyzing the possible rank-1 locally-free Higgs quotients of E one finds that <3ti(£) 
has two components, one isomorphic to C, with Q 1 ~ fi c and A^g = Ci(fic), which is nef; 
the other component is isomorphic to Pfi with Q\ = C?pn(l) and Ai )( £ = Am, which is nef 
because fi is semistable. 
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For rank-2 locally-free Higgs quotients we find that (3x 2 ((B) has two components both 
isomorphic to C. In one case Q 2 — & and A 2i £ = Ci(Jl), and in the other Q 2 — &c ® &C 
with A 2 ,g = K c , which is nef. So (£ is semistable. 

4. The higher-dimensional case 

In this section we prove Theorem 1.3. In extending the semistability criterion to the 
higher-dimensional case we shall use transcendental techniques. So we assume that X is 
a projective n-dimensional smooth variety over C with a choice of a polarization H . Let 
<£ = (E, <p) be a rank r Higgs bundle bundle on X, and let A(E) be the characteristic class 

A(E) = c 2 (E) - T ^l Cl {Ef = ^-c 2 (E ® E*) . 

We shall denote by (£ ® <£* the Higgs bundle (E ® E*, ip) where ^ is obtained by coupling 
and 0* in the usual way. 

(5r s ((S) denotes as before the Grassmannian of Higgs quotients of (£, while H s = (Q s , $ s ) 
is the universal quotient Higgs bundle on (&t s ((B). Denoting by ir s : FQ S — > X the projection 
onto X, one defines the classes A SjG ; G A^ 1 (PQ S ) as 

A 8))S = c 1 (Ppo.(l))-^7r:c 1 ( J E;). 

We shall need a result similar to Proposition 2.1 in the case of Higgs bundles. We 
prove a weaker version which is sufficient to our purpose, but very likely this result can be 
strengthened. 

Definition 4.1. A Higgs bundle (£ is said to be Higgs-nef if the line bundle Opq s (1) is nef 
for every s = 1, . . . , r — 1 (or, in other terms, if all bundles Q s are nef). If both € and <£* 
are Higgs-nef, € is said to be Higgs-numerically flat. 

Lemma 4.2. If (B is semistable and Higgs-numerically flat with c\(E) = and there exists 
a section a: X <^-> (J5ti(£) of the Higgs Grassmannian p±: (J5ti(<£) — > X, then all Chern 
classes of E vanish. 

Proof. We first prove the statement when X is a surface. By the definition of Higgs-nefness, 
all the universal bundles Q s on (25t s (<£) are nef. Let us consider the exact sequence 

-> S 1 -> p*£ -> Qx -> . 
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Under the identification ®t r -i(<£*) ~ <5vi(<£) the bundle Si gets identified with Q*_ ± . If 
we take a* in the above sequence we have 

O-^Si) <r*(Qi) ->0. 

Now <J*(Qi) and a* (Si)* are nef. By Theorem 2.5 of [2] (but since we are on a surface one 
can also easily prove this by direct computation) we have Ci(a*(Si)*) 2 — c 2 (a*(Si)*) > 0. 
Since Ci(E) = one has c 2 (E) < 0, which together with the Bogomolov inequality c 2 (E) > 
yields c 2 (E) = as desired. 

If n = dimX > 2, taking m ^> and a smooth hypersurface Y in the linear series \mH\, 
the restriction of (£ to Y is still Higgs-semistable and Higgs-numerically flat with vanishing 
first Chern class, and (5xi(£\ Y ) has a section. We can iterate this until we get a surface Z. 
Then we have c 2 (E\ z ) = and therefore c 2 (E) ■ H n - 2 = 0. Then by [9, Thm. 2] £ is an 
extension of stable Higgs bundles with vanishing Chern classes, so that the Chern classes 
of E vanish as well. □ 

Proof of Theorem 1.3. We first prove that i) implies ii), dividing the proof into steps. 

Step 1. Let /: C — > X be a morphism, where C is a smooth projective curve. Then /*(£ 
is semistable. Indeed the definitions of the bundles Q s and of the classes A S) e are functorial, 
so that \ s ,f<£ — f*K,<E, where /: FQ' S — > ¥Q S is the map induced by / (here Q' s is the 
universal quotient Higgs bundle of f*E). This implies that the classes X s j*<b are nef. By 
Theorem 1.2 f*<E is semistable. 

Step 2. We prove that <£ is semistable. Indeed by first restricting to the generic divisor in 
\mH\ for m big enough, and then iterating, we may assume that X is a surface. Applying 
the previous step to a generic curve in \mH\, again for m big enough, we obtain that <£\ m H 
is semistable, and then (£ is semistable. 

Step 3. We prove that $ = (£ ® (B* is Higgs-numerically flat. Since 5 is isomorphic 
to its dual, the point is to prove that it is Higgs-nef. Fix s and let f: C — > FQ S ($) 
be a finite morphism, C being a connected smooth curve. By Step 1, if / = n s o /, 
then f*<E is semistable, and hence f*$ is semistable so that \ s j*<e is a nef class. Since 
Ci(F) = Ci(E ® E*) = 0, the class \, tf . e equals c 1 (O p/ . ( q s(5)) (1)). Let r: /(C) -> Pg,(5) 
be the section induced by /; one has 

degr*0 PfHQsm (l) = [f(C)\ ■ ci(O nQs{m (l)) 

so that Q s ($) is nef, i.e., (£ is Higgs-nef. 
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Step 4. We show that A(E) = 0. Since # is Higgs- numerically flat and semistable as a 
Higgs bundle and the Higgs Grassmannian (5ti (#) has a section induced by the evaluation 
morphism J — > Ox, all Chern classes of E ® E* vanish by Lemma 4.2, whence the claim. 

Now we prove the converse statement, again dividing it into steps. 

Step 1. The present hypotheses imply that J is semistable, and Oi{E <S> E*) = 0, while 
of course C\{E <g> E*) = 0. By [9, Thm. 2] there is a filtration in Higgs subbundles 



such that every quotient fo/fo-i is stable and has vanishing Chern classes. Again by 
results contained in [9] we know that each quotient (J5j = fo/fo-i admits a Hermitian- 
Yang-Mills metric. Let f2j be the curvature of the associated Chern connection. Since 
ci(Gj) = c 2 (Gj) = 0, we have 



for some positive constants 71, 72, so that the Chern connection of Gi is flat. 

Step 2. For a fixed s with < s < r, let /: C — » PQs be a finite morphism, where 
C is a smooth irreducible projective curve. Let /: C — > X be the composition of / with 
the projection PQ S — > X. We show that the Higgs bundle /*(£ is semistable. Indeed the 
Higgs bundle f*$ is filtered by the Higgs bundles and the pullbacks f*{$i/$i-i) — 

f*-5i/ f*-5i-i carry flat unitary connections, hence they are polystable (again [9, Thm. 1]). 
Moreover they all have degree zero. As a consequence, /*# is semistable, and /*<£ is 
semistable as well. 

Step 3. By Theorem 1.2, the classes A Sj g in N 1 (FQ' S ) are nef. This implies that for any 
irreducible curve C C PQs one has [C] ■ A Si g > 0, i.e., it implies that all classes A S) g are 
nef. Indeed if C is the normalization of C we can apply the previous constructions to C. 

This concludes the proof of Theorem 1.3. 

Theorem 1.3 has an immediate Corollary. 

Corollary 4.3. A semistable Higgs bundle (£ = (E, <p) on an n- dimensional projective 
polarized complex manifold (X,H) such that Ci(E) ■ H 71 ^ 1 = ch 2 (E) ■ H n ~ 2 = is Higgs- 
numerically flat. 

Proof. Again by [9, Thm. 2] all Chern classes of E vanish. So A(E) = 0, and by Theorem 
1.3, all classes A Si £ are nef. But since Ci(E) = this implies that all bundles Q s are nef, 



= do C di C ■ ■ ■ C ds = 3 
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i.e., <£ is Higgs-nef. Applying the same argument to the dual Higgs bundle (£* one obtains 
the claim. □ 
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